Lecture 24: Computing eigenvalues and eigenvectors

December 6, 2016 1:00 PM

Recall from last lecture...

A= [_32 _21] ; wewanttofindallA € Randall x € R, x # 0, such that Ax = Ax. In this

case:

Ais an eigenvalue and x is an eigenvector.

det(A — Al) = "characteristic polynomial”

_3-4 -1 det(M) = |M]|
-2 2-21
=@B-1D2-1-2
=22 —-51+4
=A-1A-49)
A=1 A=4
A=1 S
=1: \oe™
ker(A—1-1) = ---={s-(;)|se1111}=151/\we
Basis {(;)}
A=4
ker(A —4-1) = - ={s-(_11)|s €R}=E,
Basis: {(_11)}
Definition

An nxn matrix A is called "diagonizable" if there's a basis of R™ consisting entirely of

eigenvectors in A.

A= [_32 _21] is diagonizable because {G) , (_11)} is such a basis of R? consisting

entirely of A's eigenvectors.

Let P be the matrix whose columns form the basis that consists entirely of eigenvectors.

ref o

Note that: det(P) = 3, so # 0, so P is invertible.

Observe:
ar= ol ()= [ B+ 1)
10
=P [0 4 . o
- p-igp = [1 07— the diagonal matrix with the

0 4 eigenvalues in its diagonal (in
the same order as in P)

22.5 Problematic Cases
a) Notenough real roots
0 -1
a=[;
det(A — Al
_ -1 -1
i1 -2
=12+1
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b) Notenough eigenvectors
A= [2 1
0 2
det(4 — A
_ |2 -1 1 |
0 2—-2
=Q2-D2-1)=2-1?
only eigenvalue: 1 = 2

A=2

ker(A — 2I) = ker [g (1)

o 0 o
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irrelevant for this course but: you can
use complex numbers to solve

Remember: any matrix with
determinant # 0 is invertible



s
={(o)|s e o
i {(1 } — we can't find a basis of
0 R? consisting entirely of
eigenvectors because we
only have one vector

asl

23 Final conclusions about diagonizability
The multiplicity of A as a root of the characteristic polynomial is called the algebraic
multiplicity of A. Moreover, dim(E;) is called the geometric multiplicity of 1.

Theorem
Let A be an eigenvalue. Then, 1 < geom. multiplicity < alg. multiplicity.
~—_————

Theorem dun( E‘I)
Eigenvectors corresponding to different eigenvalues are linearly independent.

Corollary
1) If an nxn matrix has n distinct eigenvalues, it is diagonizable.

2) If A4, ..., A are the distinct eigenvalues of A, then:
A diagonizable
<=> the sums of the geom. multiplicities is n
<=>dim(E, ) + -+ dim(E, ) =n

What to do to decide about diagonizability?
1) Compute det(4 — Al), find all roots.
This requires a factorization into linear factors. If that's impossible, A is not
diagonizable over the reals.
2) Find a basis for each eigenspace.
3) Ifthere are n vectors in all of the these bases,
— diagonizable
If there are fewer than n vectors in all of these bases,
— not diagonizable
4) Inthe case of diagonizability, write the basis vectors into the columns of P.
Then,
P71AP =D
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